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We present two measures of distance between quantum processes based on the superfidelity,
introduced recently to provide an upper bound for quantum fidelity. We show that the introduced
measures partially fulfill the requirements for distance measure between quantum processes. We
also argue that they can be especially useful as diagnostic measures to get preliminary knowledge
about imperfections in an experimental setup. In particular we provide quantum circuit which can
be used to measure the superfidelity between quantum processes.
As the behavior of the superfidelity between quantum processes is crucial for the properties of the
introduced measures, we study its behavior for several families of quantum channels. We calculate
superfidelity between arbitrary one-qubit channels using affine parametrization and superfidelity
between generalized Pauli channels in arbitrary dimensions. Statistical behavior of the proposed
quantities for the ensembles of quantum operations in low dimensions indicates that the proposed
measures can be indeed used to distinguish quantum processes.
PACS numbers: 03.67.-a, 42.50.Lc, 03.65.Wj
I. INTRODUCTION
Recent applications of quantum mechanics are based
on processing and transferring information encoded in
quantum states [1, 2]. The full description of quantum
information processing procedures is given in terms of
quantum channels or quantum processes, ie. completely
positive, trace non-increasing maps on the set of quantum
states [1].
In many areas of quantum information processing one
needs to quantify the difference between ideal quantum
procedure and the procedure which is performed in the
laboratory. This is especially true in the situation when
one deals with imperfections during the realization of ex-
periments. Theoretically these imperfections can be mea-
sured using state tomography [3, 4] or process tomogra-
phy [5, 6]. In particular the problem of quantifying the
distance between quantum channels was studied in the
context of channel distinguishability [7, 8, 9, 10].
The problem of identifying a universal measure which
could be used for this purpose was first comprehensively
addressed in [11]. In this work the authors provided the
list of requirements which should be satisfied theoreti-
cally, as well as experimentally, in order to make the
measures of distance between quantum processes mean-
ingful. They identified four quantities which could be
used as such measure, namely fidelity (J fidelity or Fpro)
and trace distance (J process distance or Dpro) between
Jamio lkowski matrices representing processes, stabilized
process fidelity (S fidelity or Fstab) and stabilized process
distance (S distance or Dstab) [11, Sec. IV.C].
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Both S fidelity and S distance are based on the opti-
mization procedures with respect to the set of quantum
states. They share the common drawback: it is hard
to provide a general formula for calculating any of those
quantities. Formulas where given only in some special
cases [12, 13]. Numerical calculation of those quanti-
ties can be reduced to a convex optimization problem,
but it still requires time consuming process tomography.
The main advantage of those quantities is their appeal-
ing physical interpretation. On the other hand, such
measures are also hard to handle from the mathemati-
cal point of view.
Also J fidelity and p˜rocess distance are relatively hard
to measure in a laboratory as both can be calculated
only after the full process tomography. In the case of
J fidelity simpler procedure can be given only in the case
when one aims to compare a unitray evolution with an
arbitrary process. Hovever, even in this case one needs
to estimate O(d2) observable everages for d-dimensional
quantum system [11].
The main aim of this paper is to present two mea-
sures of distance between quantum processes based on
the superfidelity, introduced recently to provide an upper
bound for quantum fidelity [14, 15, 16], to the problem
of quantifying distance between quantum channels. We
introduce metrics on the space of quantum operations
based on superfidelity and we examine their properties.
We also propose a simple quantum circuit which allows
for the measurement of superfidelity between quantum
processes. Hence, to our knowledge, we provide the first
examples of metrics on the space of quantum operations
which can be measured directly in laboratory without
resorting to process tomography. We test our quanti-
ties against the requirements introduced in [11] and show
their relations with J fidelity introduced therein. We ar-
gue that the proposed metrics can be especially useful
as the diagnostic measures allowing to get preliminary
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2knowledge about imperfections in an experimental setup.
This paper is organized as follows. In Section II we re-
call basic facts concerning distance measures on the space
of quantum states and methods of generalization to the
space of quantum processes. In Section II C we show that
distinguishability measures on the set of quantum chan-
nels constructed using superfidelity partially fulfill the re-
quirements stated in [11]. Moreover, we propose, as a di-
rect generalization of results obtained in [14], the quan-
tum circuit for measuring superfidelity between quantum
processes. In Section IV we provide exemplary analysis
of several quantum channels using the introduced mea-
sures and in Section V we discuss statistical properties
of introduced quantities. Finally, in Section VI we sum-
marize the presented work and provide some concluding
remarks.
II. QUANTUM STATES AND OPERATIONS
Let H be a separable, complex Hilbert space used to
describe the system in question. In quantum information
theory we deal mainly with finite-dimensional Hilbert
spaces, so usually we are in the situation where H = Cn.
The state of the system is described by the density ma-
trix, ie. operator ρ : H → H, which is positive (ρ ≥ 0)
and normalized (trρ = 1).
In what follows we denote byMN the space of density
matrices of size N . We restrict our attention to the finite-
dimensional case.
A. Distance measures between quantum states
In many situations in quantum information theory it
is important to quantify to what degree states are sim-
ilar to the average state or how, on average, the given
quantity evolves during the execution of quantum pro-
cedure. The crucial question emerging in this situation
is how one should choose random states from the set of
density matrices. This is equivalent to choosing how one
should measure distance between quantum states. As a
density matrix is the analogue of the classical probabil-
ity distribution, one can find among distance measures
quantifying distance between quantum state analogues
of classical quantities [1].
Among the mostly used metrics we can point out the
trace distance, the Hilbert-Schmidt distance, and the Bu-
res distance. Bures distance is the most natural one used
in the analysis of quantum states. It has many impor-
tant properties [1]. In particular it is a Riemannian and
monotone metric. On the space of pure states it reduces
to Fubini-Study metric [17] and it induces statistical dis-
tance in the subspace of diagonal density matrices.
For the sake of consistency we introduce the following
convention to denote distance measures on MN . Let X
be a functional on MN . We denote by AX , BX and CX
the following quantities
AX = arccos
√
X, (1)
BX =
√
2− 2
√
X, (2)
CX =
√
1−X, (3)
which are motivated by Bures angle, Bures distance [1]
and root infidelity [11].
For ρ, σ ∈MN Bures distance can be defined in terms
of quantum fidelity [17] as
BF (ρ, σ) =
√
2− 2
√
F (ρ, σ). (4)
Here F is quantum fidelity
F (ρ, σ) =
[
tr|√ρ√σ|]2 , (5)
which provides the measure of similarity on the space of
density matrices.
For two density matrices ρ1, ρ2 ∈ MN the trace dis-
tance is defined as
Dtr(ρ1, ρ2) =
1
2
tr|ρ1 − ρ2|. (6)
Recently a new measure of similarity between quantum
states, namely superfidelity G(ρ, σ), was introduced [14]
G(ρ, σ) = trρσ +
√
1− trρ2
√
1− trσ2. (7)
The most interesting feature of the superfidelity is that
it provides an upper bound for quantum fidelity [14]
F (ρ1, ρ2) ≤ G(ρ1, ρ2), (8)
and a bound for the trace distance [16]
1−Dtr(ρ1, ρ2) ≤ G(ρ1, ρ2). (9)
In (8) we have an equality either for ρ, σ ∈M2 or in the
case where one of the states is pure.
The superfidelity has also properties which make it use-
ful for quantifying the distance between quantum states.
In particular we have:
1. Bounds: 0 ≤ G(ρ1, ρ2) ≤ 1.
2. Symmetry: G(ρ1, ρ2) = G(ρ2, ρ1).
3. Unitary invariance: for any unitary operator U , we
have G(ρ1, ρ2) = G(Uρ1U†, Uρ2U†).
4. Concavity: G(ρ1, αρ2 + (1 − α)ρ3) ≥ αG(ρ1, ρ2) +
(1 − α)G(ρ1, ρ3) for any ρ1, ρ2, ρ3 ∈ ΩN and α ∈
[0, 1].
5. Supermultiplicativity: for ρ1, ρ2, ρ3, ρ4 ∈ ΩN we
have
G(ρ1 ⊗ ρ2, ρ3 ⊗ ρ4) ≥ G(ρ1, ρ3)G(ρ2, ρ4). (10)
3Note that the superfidelity shares properties 1.-4. with
fidelity. However, in contrast to the fidelity, the superfi-
delity is not multiplicative, but supermultiplicative.
In [15] the authors showed that G is jointly concave
in its two arguments. Note that the property of joint
concavity is obeyed by square root of the fidelity but not
by the fidelity.
It was also shown that it can be used to define such
metrics on MN [14] as
CG(ρ, σ) =
√
1−G(ρ, σ) (11)
or
AG2(ρ1, ρ2) = arccos(G(ρ1, ρ2)). (12)
Before we discuss further properties of these metrics in
the context of quantum channels we should note that the
function defined as
BG(ρ, σ) =
√
2− 2
√
G(ρ, σ) (13)
is not a metric [15], and thus it is impossible to provide a
direct generalization of Bures distance in terms of super-
fidelity. Also, in contrast to the fidelity or trace distance,
G is not monotone [15], thus neither CG nor AG2 can be
studied using Morozova-Cˇencov-Petz theorem [1, Ch. 14].
B. Quantum processes
The most general form of the evolution of a quantum
system is given in terms of quantum channels. In this pa-
per we consider quantum channels which are Completely
Positive Trace Preserving (CP-TP) maps.
In order an map Φ to be a CP-TP map it has to fulfill
set of the following conditions:
1. It has to preserve trace, positivity and hermiticity,
ie.
trΦ(ρ) = 1,Φ(ρ) ≥ 0 and Φ(ρ) = Φ(ρ)†. (14)
2. It has to be linear
Φ
(∑
i
piρi
)
=
∑
i
piΦ (ρi) . (15)
3. Finally it has to be completely positive, ie. for
ρ(n) ≥ 0 we require that
(Φ⊗ 1n)ρ(n) ≥ 0, n ∈ N, (16)
where ρ(n) is an element of an appropriate space of
states.
These conditions are required for Φ to preserve the set of
quantum states.
In the most general case quantum evolution is de-
scribed by a superoperator Φ, acting on MN , which can
be expressed in Kraus form [1, 2]
Φ(ρ) =
∑
k
EkρE
†
k, (17)
where
∑
k E
†
kEk = 1.
Alternatively quantum operations an be represented
by a superoperator matrix MΦ. The superoperator ma-
trix is a representation of linear operator in the canonical
basis. The following formula allows to transform set of
Kraus operators {Ek} into superoperator matrix MΦ [1,
Ch. 10]
MΦ =
N2∑
k=1
Ek ⊗ E∗k , (18)
where N = dim(Ek) and ‘∗’ denotes element-wise com-
plex conjugation.
The dynamical matrix for the operations Φ is de-
fined as DΦ = MRΦ , where ‘
R’ denotes a reshuffling op-
eration [1]. The dynamical matrix for the trace pre-
serving operation acting on N -dimensional system is
an N2 × N2 positive defined matrix with trace N . We
can introduce natural correspondence between such ma-
trices and density matrices on N2 by normalizing DΦ.
Such a correspondence is known as Jamio lkowski isomor-
phism [18, 19].
Let Φ be a completely positive trace preserving map
acting on density matrices. We define Jamio lkowski ma-
trix of Φ as
ρΦ =
1
N
DΦ. (19)
Jamio lkowski matrix has the same mathematical prop-
erties as a quantum state ie. it is a semi-definite positive
matrix with trace equal to one. It is sometimes referred
to as Jamio lkowski state matrix.
C. Distance measures between quantum processes
The problem of finding the measure of difference be-
tween ideal and real quantum processes was first studied
in depth in [11], where the authors proposed the list of
requirements for gold-standard metric between quantum
processes.
If ∆ is a candidate for distance measure, the criteria
are as follows:
(R1) Metric: ∆ should be a metric.
(R2) Easy to calculate: it should be possible to evaluate
∆ in a direct manner.
(R3) Easy to measure: there should be a clear and
achievable experimental procedure for determining
the value of ∆.
4(R4) Physical interpretation: ∆ should have a well-
motivated physical interpretation.
(R5) Stability : ∆(1 ⊗ Φ,1 ⊗ Ψ) = ∆(Φ,Ψ), where 1 is
the identity operation on an additional quantum
system.
(R6) Chaining : ∆(Φ2 ◦ Φ1,Ψ2 ◦ Ψ1) ≤ ∆(Φ1,Ψ1) +
∆(Φ2,Ψ2).
As already noted in [11], it is hard to find a quantity
which fulfills all of the above requirements. On contrary,
in many cases it is desirable to use some kind of quan-
tity which does not posses all of the required features
to get some preliminary insight into the nature of errors
occurring in the experimental setup.
III. DISTANCE MEASURES BASED ON
SUPERFIDELITY
Let ∆G be a distance measure based on the superfi-
delity between Jamio lkowski states of processes. In this
paper we consider two functions CG, motivated by root
infidelity,
CG(Φ,Ψ) =
√
1−G(ρΦ, ρΨ), (20)
and AG2 , motivated by Bures angle,
AG2(Φ,Ψ) = arccosG(ρΦ, ρΨ). (21)
We argue that both quantities seem to be suitable for
metrics on the space of processes.
A. Basic properties (R1, R2)
It was shown in [14] that quantities defined in Eqs. (11)
and (12) do provide the metrics on the space of quantum
states. As such CG and AG2 fulfill requirement (R1).
Also from the definition of superfidelity it is clear that
∆G can be easily calculated — requirement (R2). From
the computational point of view the calculation of ∆G,
using standard mathematical software, is also much effi-
cient than in the case of metrics based on fidelity [15].
B. Measurement procedure (R3) and
physical interpretation (R4)
Any useful distance measure for quantum processes
should be easy to measure in a laboratory. In the case
of any metric based on superfidelity this is to say that
it should be easy to measure the superfidelity between
quantum processes.
In Fig. 1 a quantum circuit used for measuring the
superfidelity between quantum processes is presented. In
the first step one needs to produce Jamio lkowski matrices
|0〉 H • • H FE
1 ×
|ψ+〉
Ψ ×
1 ×
|ψ+〉
Φ ×
FIG. 1: Quantum circuit for measuring trρΦρΨ. The prob-
ability P0 of finding the top qubit in state |0〉 leads to an
estimation of trρΦρΨ = 2P0 − 1 [20]. This allows direct esti-
mation of process superfidelity.
for analyzed processes as described in [6]. In the second
step we utilize the scheme proposed in [20].
The circuit works for quantum channels of an arbi-
trary dimension. Its only drawback is that it requires
controlled SWAP operation, which makes it problematic
for realization using contemporary technology [21].
In order to measure the superfidelity between two one-
qubit channels one needs 5 qubits and for measuring the
superfidelity between two n-dimensional states one needs
2 + 4n dimensional space.
One should also note that the presented quantum cir-
cuit can be used to measure the fidelity between a uni-
tary operation and an arbitrary quantum channel. As
such it can be used in the situation when one needs to
measure the difference between an ideal (ie. unitary) pro-
cess and a real (ie. noisy) process. In this case we can
easily give physical interpretation of the superfidelity be-
tween quantum processes [11], while in general case the
interpretation is still not clear.
C. Stability (R5)
In this paragraph we show the stability of dis-
tance measures based on superfidelity ∆G between
Jamio lkowski matrices of processes. In fact we will even
show, that if we extend both channels by the same uni-
tary channel (not necessarily identity) the superfidelity-
based distance measures do not change.
We have the following lemma.
Lemma 1 Let Ψ,Φ be given channels and let τ be a uni-
tary quantum channel, then
G(ρτ⊗Ψ, ρτ⊗Φ) = G(ρΨ, ρΦ). (22)
Proof. To prove the above all we need is the fact that
Jamio lkowski state of unitary channel is a rank 1 pro-
jector, the fact that ρΨ1⊗Ψ2 is a permutation similar to
ρΨ1 ⊗ ρΨ2 and the following lemma.

5Lemma 2 Let |φ〉 be a normalized vector, then
G(|φ〉 〈φ| ⊗ ρ1, |φ〉 〈φ| ⊗ ρ2) = G(ρ1, ρ2). (23)
Proof. To obtain the lemma it is enough to notice that
tr(|φ〉 〈φ| ⊗ ρi)(|φ〉 〈φ| ⊗ ρj) (24)
= tr(|φ〉 〈φ| |φ〉 〈φ|)trρiρj = trρiρj
for any i, j ∈ {1, 2}.

From Lemma 1 we have that any ∆G fulfills require-
ment (R5).
D. Chaining (R6)
Despite its simple form superfidelity, in contrast to fi-
delity or trace distance, is not monotone under the ac-
tion of quantum channels. This fact was proved in [15].
One can easily construct an example similar to the one
used in [15] to see that the superfidelity between quan-
tum channels fails to fulfill requirement (R6).
Let us consider the following Jamio lkowski states
ρΦ1 = ρΦ2 =
1
2
 1 0 0 00 1 0 00 0 0 0
0 0 0 0
 , (25)
ρΨ1 =
1
2
 1 0 0 00 0 0 00 0 0 0
0 0 0 1
 , ρΨ2 = 12
 0 0 0 00 0 0 00 0 1 0
0 0 0 1
 (26)
representing quantum channels Φ1,Φ2,Ψ1 and Ψ2 respec-
tively. Jamio lkowski matrices corresponding to the com-
positions of Φ1 ◦Ψ1 and Φ2 ◦Ψ2 read [1]
ρΨ1◦Φ1 =
1
2
 1 0 0 00 1 0 00 0 0 0
0 0 0 0
 (27)
and
ρΨ2◦Φ2 =
1
2
 0 0 0 00 0 0 00 0 1 0
0 0 0 1
 . (28)
The superfidelity between the above Jamio lkowski ma-
trices reads
G(ρΦ1 , ρΦ2) = 1, G(ρΨ1 , ρΨ2) = 3/4 (29)
and
G(ρΨ1◦Φ1 , ρΨ2◦Φ2) = 1/2. (30)
Taking this into account we get
1√
2
= CG(ρΨ1◦Φ1 , ρΨ2◦Φ2)  (31)
CG(ρΦ1 , ρΦ2) + CG(ρΨ1 , ρΨ2) =
1
2 .
We also have
pi
3
= AG2(ρΨ1◦Φ1 , ρΨ2◦Φ2)  (32)
AG2(ρΦ1 , ρΦ2) +AG2(ρΨ1 , ρΨ2) = arccos
3
4 .
Thus the chaining rule does not hold for metrics GG and
AG2 in the general case.
However, this property holds if we aim to compare
unitary (ie. ideal) quantum operations with general (ie.
noisy) quantum operations. In this particular case su-
perfidelity reduces to J fidelity.
Chaining rule is important if one aims to compare
quantum processes divided into smaller steps. It holds
for distance measures proposed in [11].
IV. EXAMPLES
To get a deeper insight into a behavior of superfidelity-
based distances we provide explicit formulas for the se-
lected families of quantum channels.
A. One-qubit channels
We start by analyzing one-qubit channels. In this case
dynamical matrix can parametrized as [22] (up to two
orthogonal transformations [1, Sec. 10.7])
D =
1
2
(
ηz+κz+1 0 κx+iκy ηx+ηy
0 −ηz+κz+1 ηx−ηy κx+iκy
κx−iκy ηx−ηy −ηz−κz+1 0
ηx+ηy κx−iκy 0 ηz−κz+1
)
, (33)
where parameters ~κ = (κx, κy, κz) and ~η = (ηx, ηy, ηz)
are real vectors representing distortion and translation
of the quantum state in the Bloch ball.
Let DΨ and DΦ be two dynamical matrices
parametrized by vectors ~κΨ, ~ηΨ and ~κΦ, ~ηΦ respectively.
After straightforward calculations we get
G(ρΨ, ρΦ) =
1
4
(
1 + ~κΨ · ~κΦ + ~ηΨ · ~ηΦ+ (34)√
3− ||~κΨ||2 − ||~ηΨ||2
√
3− ||~κΦ||2 − ||~ηΦ||2
)
,
where ‘·’ denotes the scalar product.
One should note that it is hard to obtain concise for-
mula for the fidelity or trace distance between two one-
qubit channels.
One of the simplest examples of one-qubit maps are
unital maps, ie. quantum operations that transform max-
imally mixed state into itself. One-qubit unital channels
6are exactly those with ~κ = (0, 0, 0). In this case we can
derive the formula for fidelity
F (ρΨ, ρΦ) = (35)
1
16
(√
(ηΨx − ηΨy − ηΨz + 1)(ηΦx − ηΦy − ηΦz + 1)
+
√
(ηΨx + ηΨy − ηΨz − 1)(ηΦx + ηΦy − ηΦz − 1)
+
√
(ηΨx − ηΨy + ηΨz − 1)(ηΦx − ηΦy + ηΦz − 1)
+
√
(ηΨx + ηΨy + ηΨz + 1)(ηΦx + ηΦy + ηΦz + 1)
)2
,
and for trace distance
Dtr(ρΨ, ρΦ) = (36)
1
8
(
|ηΨx + ηΨy + ηΨz − ηΦx − ηΦy − ηΦz |
+ |ηΨx − ηΨy + ηΨz − ηΦx + ηΦy − ηΦz |
+ |ηΨx + ηΨy − ηΨz − ηΦx − ηΦy + ηΦz |
+ |ηΨx − ηΨy − ηΨz − ηΦx + ηΦy + ηΦz |
)
.
between Ψ and Φ.
B. Selected higher-dimensional channels
We start with an elementary result concerning the su-
perfidelity on commuting matrices [14].
Lemma 3 Let ρ1 and ρ2 be hermitian matrices with
eigenvalues ~λ and ~µ respectively. If ρ1ρ2 = ρ2ρ1 then
there exists an orthonormal basis {|i〉}i such that
ρ1 =
∑
i
λi |i〉 〈i| and ρ2 =
∑
i
µi |i〉 〈i| . (37)
With this notation we have
G(ρ1, ρ2) = ~λ · ~µ+
√
(1− |~λ|2)(1− |~µ|2). (38)
This lemma enables us to obtain explicit formulas for
the superfidelity between quantum channels for some in-
teresting families discussed below.
1. Depolarizing channel
For any p ∈ [0, 1] we define a depolarizing channel as [2]
κd,p(ρ) = pρ+ (1− p)tr(ρ)1
d
1. (39)
It is a d-dimensional CP-TP map. It is not difficult to
notice that ρκd,p and ρκd,q commute, and eigenvalues of
ρκd,p are
1− p
d2
,
1− p
d2
, . . . ,
1− p
d2︸ ︷︷ ︸
d2−1
,
1
d2
(1 + (d2 − 1)p)
 . (40)
Thus we have
G(ρκd,p , ρκd,q ) = (41)
1
d2
(
1 + (d2 − 1)pq + (d2 − 1)
√
(1− p2)(1− q2)
)
.
2. Generalized Pauli channel
Generalized Pauli channel Πd is an extension to any
dimension of the one-qubit Pauli channel [2]. We define
two families of unitary operators:
Xd =
d−1∑
0
|j − 1 mod d〉 〈j| , (42)
and
Zd = diag
(
1, e2ipi/d×1, . . . e2ipi/d×(d−1)
)
. (43)
The channel action is defined as
Πd(ρ) =
d−1∑
i,j=0
pi,jX
i
dZ
j
dρ(X
i
dZ
j
d)
†, (44)
where 0 ≤ pi,j ≤ 1 and
∑
pi,j = 1.
For two generalized Pauli channels ρp and ρq given
by the probability distribution matrices pi,j and qi,j , we
can find a direct formula for their similarity in terms of
superfidelity
G(ρp, ρq) = tr(pqT ) +
√
1− tr(ppT )
√
1− tr(qqT ). (45)
This follows from the fact that ρp and ρq commute and
vectors ~p, ~q ∈ Rd2 are eigenvalues of ρp and ρq respec-
tively.
3. Werner-Holevo channel
Werner-Holevo channel cannot be represented as gen-
eralized Pauli channel.
For dimension d and parameter p ∈ [− 1d−1 , 1d+1 ] we
define Werner-Holevo channel as
κTd,p(ρ) = pρ
T + (1− p)tr(ρ)1
d
1. (46)
It is a d-dimensional CP-TP map and it is sometimes
called transpose depolarizing channel. Also in this case
it is not difficult to notice that ρTκd,p and ρ
T
κd,q
commute,
and eigenvalues of ρTκd,p are{ 1− (d+ 1)p
d2
, . . . ,
1− (d+ 1)p
d2︸ ︷︷ ︸
(d2)
, (47)
1 + (d− 1)p
d2
, . . . ,
1 + (d− 1)p
d2︸ ︷︷ ︸
(d+12 )
}
. (48)
7Thus we have
G(ρTκd,p , ρ
T
κd,q
) = (49)
1
d2
(
1 + (d2 − 1)pq + (d2 − 1)
√
(1− p2)(1− q2)
)
.
Since the dynamical matrices for depolarizing channel
and Werner-Holevo channel commute, one can also easily
calculate the superfidelity between these channels. In this
case it reads
G(ρκd,p , ρ
T
κd,q
) = (50)
1
d2
(
1 + (d− 1)pq + (d2 − 1)
√
(1− p2)(1− q2)
)
.
4. Dephasing channel
The most general dephasing [23] ie. pure decoherence
channel for a single qubit is defined as
Dft : ρ0 → ρt, (51)
where
ρt =
(
ρ11 ρ12ft
ρ∗12f
∗
t ρ22
)
, t ≥ 0. (52)
For a given function ft channel Dft is CP-TP quantum
operation. This is not obvious, but it follows from the
fact that Dft can be written in Kraus representation as
Dft(ρ0) = E1(t)
†ρ0E1(t) + E2(t)†ρ0E2(t), (53)
where time-dependent Kraus operators Ei(t), (i = 1, 2)
are given by
E1(t) = diag(1, ft), (54)
and
E2(t) = diag(0,
√
1− |ft|2). (55)
The function ft : R → C was chosen in the way that
f0 = 1 and |ft| ≤ 1. The last condition guarantees that
the channel Dft is a CP quantum operation. An explicit
formula for ft depends on the particular choice of an en-
vironment which is used to model process of decoherence
(see [24, 25]).
Let Dft and Dgt be given dephasing channels. Accord-
ing to (54) and (55), it has the following Kraus represen-
tation:
X1(t) = diag(1, xt), X2(t) = diag(0,
√
1− |xt|2), (56)
where x = f, g. Let us denote the Jamio lkowski matrix
associated with channel Dxt by ρxt . Then we can easily
see that
ρxt =
1
2
 1 0 0 xt0 0 0 00 0 0 0
x∗t 0 0 1
 , x = f, g, (57)
therefore the superfidelity Gt(f, g) := G(ρft , ρgt) reads
Gt(f, g) =
1
2
+
1
2
<(ftg∗t ) +
1
2
√
1− |ft|2
√
1− |gt|2. (58)
Here < stands for the real part of a complex number. An
interesting situation arises when gt = f∗t . In this case
from (58) we have
Gt(f, f∗) = 1− |f
2
t | − <(f2t )
2
. (59)
The above considerations can be easily generalized for
the arbitrary qud it (ie. d-dimensional state). Indeed, let
Ft = F
†
t be a d-dimensional dephasing matrix ie. (Ft)ii =
1 and (Ft)ij = fij(t) for i 6= j. We define channel DFt as
follows
DFt : ρ0 → Ft • ρ0, (60)
where by ‘•’ we denoted the Hadamard product of ma-
trices. One can easily see that for these types of channels
Gt(~f,~g) =
1
d2
(
(~ft)† · ~gt +
√
d2 − ‖~ft‖2
√
d2 − ‖~gt‖2,
)
(61)
which in the case ~gt = ~f∗t reduces to
Gt(~f, ~f∗) = 1− ‖ft‖
2 − (~ft)† · ~f∗t
d2
. (62)
Here ~ft stands for a vector obtained from matrix Ft by
the reshaping procedure [1], and ‖ · ‖ represents a stan-
dard norm on Cd.
Note also that the results (61) and (62) hold in the case
of arbitrary hermitian matrix Ft, not only a dephasing
matrix.
V. STATISTICAL ANALYSIS OF CHANNELS
In order to asses the quality of the distance measures
based on superfidelity we have analyzed its statistical be-
havior. We have compared the average superfidelity with
the average fidelity between one-qubit quantum chan-
nels. We have also analyzed average superfidelity and
average fidelity between quantum channels for higher-
dimensional random channels.
A. Benchmarks for one-qubit channels
Measures based on fidelity and trace distance (J fi-
delity and J process distance) provide natural bench-
marks for testing new measures on the space of quantum
operations.
Using the algorithm by Bruzda et al. [26] we have gen-
erated 106 pairs of normalized dynamical matrices rep-
resenting one-qubit quantum channels. For this sam-
ple we have calculated the fidelity and the superfidelity
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(CF ) and root “superinfidelity” (CG =
√
1−G).
FIG. 2: Statistical comparison of (a) fidelity and superfidelity
and (b) distance measures for one-qubit quantum channels.
(see Fig. 2(a)) and distance measures CF , Cg, Dtr (see
Fig. 2(b)).
Numerical results presented in Fig. 2(b) indicate that
in the case of one-qubit channels the superfidelity (or
metrics based on it) can be used to approximate trace
distance or measures based on fidelity. Thus, the circuit
used to measure the superfidelity can be used to provide
some insight into the behavior of these measures.
B. Average superfidelity between channels
In order to describe which maps are distant it is helpful
to seek the average behavior of the superfidelity between
quantum maps. Having this information we can judge
which maps are distant by comparing the superfidelity
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FIG. 3: Mean, 5th percentile and 95th percentile of similari-
ties between random quantum operations acting on the state
space of dimensions 2 to 9.
between them with the quantils over the space of quan-
tum operations. Fig. 3 shows mean fidelity and mean su-
perfidelity between quantum channels together with 5th
and 95th percentile for the channels that act on qudits
of dimensions two to nine.
VI. CONCLUDING REMARKS
We have introduced the measure of similarity between
quantum processes constructed as the superfidelity be-
tween corresponding Jamio lkowski states. We have also
used this quantity to introduce two metrics on the space
of quantum operations – CG and AG – motivated by root
infidelity and Bures angle. We have argued that the in-
troduced quantities can be used as diagnostic measures
9for probing errors occurring during physical realizations
of quantum information processing. This is especially
true as we have shown that the presented quantities can
be potentially measured in laboratory. Also, a quantum
circuit, constructed to measure the superfidelity. can be
used to measure the fidelity between a unitary evolution,
regarded as an ideal channel, and an arbitrary quantum
process, realized in a laboratory. Thus, the presented
quantum circuit can be used to calibrate experimental
setup with respect to some ideal setup. For the special
case of one-qubit channels superfidelity between quantum
operations can be used as a relatively good approxima-
tion of the fidelity.
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